Quantum networks provide a prominent platform for realising quantum information processing and quantum communication, with entanglement a key resource in such applications. Here, we describe the transfer protocol for entangled states, where entanglement stored in the first node of quantum network can be transferred with high fidelity to the second node via a 1D chiral waveguide. In particular, we exploit the directional asymmetry in chirally-coupled single-mode ring resonators to transfer entangled states. For the fully chiral waveguide, the Bell state |Ψ + can be transferred with fidelity as high as 0.958. Using the same protocol, multipartite W states can be transferred with high fidelity. Our proposal can be utilised for long-distance distribution of multipartite entangled states between the quantum nodes in a quantum network. arXiv:1910.00245v1 [quant-ph] 1 Oct 2019 * waikeong mok@u.nus.edu [1] H. J. Kimble, Nature 453, 1023 (2008).
Introduction.-Quantum networks [1, 2] provide a prominent platform for realising quantum information processing and quantum communication, with entanglement a key resource in such applications. Quantum networks consist of nodes, which are usually formed with atoms. Nodes are then linked together through the quantum channel via photons (referred in this picture as ("flying qubits"). In this context, the main task and at the same time an outstanding challenge is the high fidelity transfer of quantum states on long distances despite having noise and dissipation present in the quantum channel [3] .
It is well known that if Bob shares entangled qubit pairs both with Alice and Carol, then by using classical communication channel, crucial protocols like teleportation [4] , entanglement swapping [5, 6] and quantum cryptography [7, 8] can be achieved with high success rate. These breakthrough achievements demonstrate that entanglement is a vital ingredient for realizing quantum information and quantum communication tasks [3] . In this Letter we target a rather different question: if Bob, who is located in the first node of quantum network, has a known entangled state, how can he transfer (without using a classical communication channel) it to the Alice, who is located in the second node, with a high fidelity?
One such solution comes from using chiral waveguides. In quantum optics, chirality arises, for instance, in atomwaveguide coupled systems when the symmetry of photon emission in the left and right directions is broken [9] . This effect appears as a result of spin-orbit coupling, and has been experimentally demonstrated in plasmonic waveguides [10] . Chiral systems have been shown to be fruitful for realizing quantum networks [11] [12] [13] with the added feature that multipartite entangled states can be generated with almost all-to-all connectivity in the steady state. In Ref. [14] it was argued that maximum achiev-able concurrence between two atoms is 1.5 times higher as compared to the non-chiral system with additional benefit that the generated entanglement is insensitive to the distance between the atoms.
Quite remarkably, these chiral systems in the case of perfect chirality realize the paradigm of cascaded systems, where two systems are coupled unidirectionally without information backflow. As was independently demonstrated by Gardiner and Carmichael [15] [16] [17] , cascaded systems, even when they are separated by long distances, can be described under the Born-Markov approximation with retardation effects accounted for by a simple redefinition of the time and phase of the second node. Non-Markovian effects (due to the finite time delay between nodes) were shown to be detrimental for generating entangled states in atom-waveguide systems [18, 19] . Here, we exploit cascaded systems in the Born-Markov regime to achieve high-fidelity entanglement transfer.
To implement functional quantum networks, photonic quantum devices [20] are key components and play an important role in storing the quantum states of light. For example, micro-chip based systems such as microtoroidal and microdisk cavities hold a promise to realize scalable quantum networks [21] . Moreover, by coupling tapered fibre with ring resonator, the coupling efficiency of light in and out of the microtoroidal resonator can experimentally achieved up to 0.997 [22] . In Ref. [23] it was demonstrated that by introducing ring cavities in the atom-waveguide system it is possible to implement a quantum state transfer protocol which is immune to the thermal noise if the waveguide is perfectly chiral.
Several theoretical proposals [12, [23] [24] [25] [26] [27] [28] [29] [30] [31] as well actual experimental realizations [32] [33] [34] for the quantum state transfer of a single qubit in quantum optical networks have been put forward. For instance, in the seminal proposal by Cirac et al. [24] , the qubit state is written in a three-level atom and by applying control pulses, the state can then be transferred to the second node using a time-symmetric photonic wave packet, which mimics the reverse process of the wavepacket emission. In all aforementioned proposals, there are few demanding requirements that are hard to be met experimentally: external control pulses which have non-trivial temporal shapes, time-dependent cavity-atom and fiber-atom interaction strengths. Moreover, to the best of our knowledge, there are no existing protocols for long-distance entanglement transfer in the optical frequency domain.
On the other hand, spin chains can alleviate the issue of tricky control of system parameters and realize quantum systems with minimal control (coupling constants are fixed in time), and entanglement transfer has been demonstrated in several theoretical manuscripts [35] [36] [37] [38] [39] [40] [41] in the Heisenberg-type spin chains. However, these systems can only realize short-distance state transfer, as experimentally one is limited by the number of spins, and it is also widely believed that increasing the length of a spin chain will worsen transfer fidelities due to dispersion effects.
Motivated by Refs. [14, 23] , we harness unidirectional coupling introduced by the chiral waveguide, which serves as a platform for realising cascaded system dynamics governed by the Markovian dynamics, which hold even for nodes that are separated by large distances. By coupling ring cavities with chiral 1D waveguide, we demonstrate entanglement transfer, with the entangled state stored in the atomic ensembles which are coupled to the ring cavities. It is important to highlight that ring cavities provide greater control over the system compared to the bare atom-fiber coupled case, where the transfer fidelity is significantly lowered due to long-range interactions between the atoms. Consequently, one node of our quantum network consists of an atomic ensemble which is coupled to the ring cavity. Communication channel is realized with a chiral waveguide. We demonstrate the transfer maximally entangled Bell states and W -states with up to 5 qubits. W -states are extremely useful for quantum information and communication applications as they are more robust states for encoding single qubit states. Moreover, W -states have the unique property (contrary to say, GHZ states) that even if one particle is lost, the rest of N − 1 qubits will remain in the entangled state.
Compared to other schemes, our proposal has various advantages. Firstly, the scheme works in the weak coupling regime with no external driving field required. Also, the optimal transfer of entanglement occurs dynamically, which can potentially lead to faster transfers compared to steady state schemes [11] . On top of that, by using chirality, the entanglement transfer is not sensitive to the distance between the atoms. Moreover, by using a perfectly chiral waveguide, our proposal is valid for long-distance entanglement transfer since in cascaded systems the time delay between nodes is manifested as a simple retarda-tion effect. We comment that although non-Markovian effects should in general be taken into account if one consider long distances with imperfect chirality, this is not required here as long as the entanglement is transferred much faster than the timescale for information backflow to occur. Our results indicate that such conditions can be easily achieved for long-distance waveguides. Chiral waveguide QED system.-The system in consideration consists of two nodes coupled to a 1D waveguide. Each node comprises of N qubits coupled to a single cavity mode. The Hamiltonian for this system is given by
where the transition frequencies of the qubits and resonant frequency of the cavity are ω and ω cj respectively. The atom-cavity coupling strength is given by g 
. The interaction strength between the cavities and the waveguide (at position x j ) is characterised by the decay rate γ λ . Here we assume that the cavities do not decay into non-waveguide modes, which can be realised in plasmonic waveguides with high β-factors [42] [43] [44] .
The spontaneous decay of the qubits is described by an interaction with independent baths at a decay rate Γ jl , where the first index denotes the cavity and the second index denotes the qubit. The bath operators b Cavity-atom coupling is set at the optimal value g1 = g2 = 0.3γR.
with the effective Hamiltonian
where D = |x 2 − x 1 | is the distance between the nodes. In the following, we will study the transfer of entangled qubit states between the nodes mediated by the waveguide. The case of N = 2 is first presented to illustrate Bell state transfer.
Transfer of Bell states with chiral couplings.-Here, we exploit the directional asymmetry by using a chiral lightmatter interface, with γ L = 0, γ R = 0 [23] . Using chiral couplings, the setup is essentially a cascaded quantum system [15] where the first node is coupled to the second node unidirectionally without backflow of information. In this case, the setup we consider can be used to study long-distance entanglement transfer despite the Born-Markov approximation used, since retardation effects in a cascaded quantum system is accounted for by a simple redefiniton of the time of the second node [17] .
For simplicity, we assume that the qubits do not decay (κ jk = 0), and the nodes are identical, i.e. ω 
The qubits in the first node are denoted by 1a, 1b while the qubits in the second node are denoted by 2a, 2b. We first prepare the qubits 1a, 1b in the Bell state |Ψ + = 1 √ 2 (|eg + |ge ), and consider resonant conditions ω c = ω 0 with cavity coupling strength g 1 = g 2 = 0.3γ R .
As shown in Fig. 1(b) , the concurrence of 1a, 1b decreases to near zero at some time, while concurrence of 2a, 2b rises from zero to a maximum of around 0.91. The state fidelity of 2a, 2b compared to the initial Bell state is around 0.958. This shows that a good entanglement transfer can be accomplished. Due to the chirality of the system, this result is independent of the distance between the qubits D. For the non-chiral case in Fig.  1(c) where γ L = γ R , the maximum concurrence is only around 0.58, even with the optimal distance of kD = π, where k is the wavenumber of the photon k = 2π/λ with λ the corresponding wavelength. Comparing the fidelity of the qubit state of 2a, 2b (denoted ρ 2 (t)) with the initial entangled state of 1a, 1b (denoted ρ 1 (0) such that Fig. 1(b) shows that the maximum fidelity transferred, F max , is around 0.951 (green dashed line), a significant improvement over the non-chiral case in Fig. 1(c) which gives F max ≈ 0.78. Thus, chiral coupling drastically improves the entanglement transfer between the nodes. To find the optimal coupling g 1 = g 2 = g, we plot the maximum transferred concurrence C max of 2a, 2b against g 1 and g 2 .
As shown in Fig. 2(a) , the transferred concurrence is maximal (C max ≈ 0.905) around g 1 = g 2 ≈ 0.305γ R . Intuitively, for small couplings, the entanglement does not transfer effectively to the cavity, thus the transfer is weak. For strong couplings however, the Rabi oscillations between the cavity and the qubits become more significant, which is detrimental to the transfer of entanglement via the waveguide. It can also be seen from Fig.  2(a) that a condition for good entanglement transfer is g 1 ∼ g 2 .
To illustrate the effect of chirality on the transfer, we compare the maximum transferred concurrence for different chirality. Here, chirality is defined as χ ≡ (γ R − γ L )/(γ R + γ L ). Fig. 2(b) shows the comparison for different chirality. For the fully chiral waveguide (χ = 1), C max is independent of the inter-nodal distance D, as previously mentioned. This is simply due to the cascaded nature of the setup. However, when γ L = 0, C max depends on the distance between the nodes. The peak at D = 0.5λ is a result of the localisation of the photon wavefunction between the nodes [18] . The sensitivity of C max to fluctuations around this 'sweet spot' decreases as χ gets closer to 1. In general, the entanglement transfer worsens with decreasing chirality. Intuitively, this can be due to two factors: (i) leakage of excitation from the first node through the left port via γ L , which decreases the probability of the second node being excited; (ii) information backflow from the second node back to the first node, which can be detrimental to the transfer process. Thus, using chirality, both problems can be addressed simultaneously, leading to good entanglement transfer.
Next, we look at the maximum transferred fidelity with different initial states of 1a, 1b. To this end, we prepare the qubits in system 1 in the state |ψ 1 = cos θ |eg + e iφ sin θ |ge , θ ∈ [0, π], φ ∈ [0, 2π] (4) while the qubits in system 2 are initially in the ground state. The cavities are all in the vacuum state initially. From Fig. 2(c) , the maximum transferred fidelity (F max = 0.951) occurs near φ = 0, θ = π/4 which corresponds to the Bell state |Ψ + . The case of F max = 0 occurs near φ = π, θ = π/4 which corresponds to the Bell state |Ψ − . This is because |Ψ − is a dark state of the TCM, and thus does not decay with time.
Next, we look at the initial state |ψ 2 = cos θ |gg + e iφ sin θ |ee , θ ∈ [0, 2π], φ ∈ [−π, π] (5) with the Bell states |Φ + = 1 √ 2 (|gg +|ee ) and |Φ − = 1 √ 2 (|gg − |ee ). As shown in Fig. 2(d) , the maximum transferred fidelity is independent of φ. The transferred fidelity F max ≈ 0.958 at θ = π/4, φ = 0 and θ = π/4, φ = π corresponds to the Bell states |Ψ ± respectively. The lowest F max ≈ 0.88 occurs at θ = π/2 which is reasonable since that corresponds to the case of transferring a twoexcitation state |ee to qubits initially prepared in ground state |gg . Overall, we have shown that good transfer of entanglement is possible for 3 out of 4 of the Bell basis states.
Transfer of multipartite entanglement with chiral couplings.-Here, we demonstrate a generalisation of the entanglement transfer scheme, by using N qubits per node. The parameters used here are the same as in Fig. 1(b) (g i = 0.3γ R , Γ ji = 0, γ L = 0, i = 1, 2, ...N, j = 1, 2). Measuring the fidelity of the qubit states in node 2 with respect to the initial state in node 1, Fig. 3 shows that the maximum fidelity transferred for a W -state of the form |W N = 1 √ N (|egg...g + |geg...g + ... + |gg...ge ) is around F max > ∼ 0.9, with the N = 2 Bell state |Ψ + reaching F max ≈ 0.958 as previously mentioned. Hence, we have demonstrated that multipartite generalisations of the W -state can be effectively transferred using the chirally-coupled waveguide.
Role of imperfections.-The analysis in the previous sections neglected qubit losses by assuming that the decay rate of the cavity is much larger than that of the qubit decay rates. Here, we look at the entanglement transfer with qubit losses. Specifically, we prepare the initial state of 1a, 2a in the Bell state |Ψ + and set all qubit decay rates to be equal (κ jk = κ) for simplicity.
Increasing the qubit decay rate, the maximum concurrence decreases as shown in Fig. 4(b) . Here, we set the inter-nodal distance to be at the 'sweet spot' kD = π. A comparison between the chiral (χ = 1) and non-chiral (χ = 0) cases shows that as long as the qubit decay rate is within κ < 0.1γ R , the chiral system remains advantageous over the ideal non-chiral case in terms of entangle- ment transfer. As mentioned earlier, the entanglement transfer at kD = π is also relatively insensitive to small imperfections in chirality. Thus, perfect chirality is not required for the transfer scheme to work well.
Conclusion.-In this Letter, we have proposed a protocol for transferring entanglement between the two nodes in a quantum network. Our system can be easily implement experimentally, by coupling plasmonic waveguide with ring cavities which are coupled to few atoms to realize the elementary unit of a quantum node. By considering a chiral 1D waveguide, we derived the master equation which governs the system dynamics. High-fidelity entanglement transfer is achieved by harnessing the directional asymmetry of photon emission. We have found optimal system parameters for the transfer of maximally entangled Bell states and for up to 5-qubit W -states. Our proposal requires minimal control over the system parameters contrary to other proposals which require external pulses with demanding temporal shapes [12, [23] [24] [25] [26] [27] [28] [29] [30] [31] . Moreover, since our entanglement transfer is achieved dynamically it is faster compared to its steady state counterparts. Finally, our protocol can easily be applied to long-distance transfer by utilising the Markovianity in cascaded systems. This can potentially be significant for the efficient distribution of entanglement within a quantum network.
